We construct the cuspidal cohomology groups of stacks of shtukas with Z ℓ -coefficients and prove that they are Z ℓ -modules of finite type. We prove that the cohomology groups with compact support of stacks of shtukas with Z ℓ -coefficients are modules of finite type over a Hecke algebra with Z ℓcoefficients.
Introduction
Let X be a smooth projective geometrically connected curve over a finite field F q . We denote by F the function field of X, A the ring of adèles of F and O the ring of integral adèles.
Let G be a connected split reductive group over F q . Let N ⊂ X be a finite subscheme. We denote by O N the ring of functions on N and write K N := Ker(G(O) → G(O N )).
Let ℓ be a prime number not dividing q. Let E be a finite extension of Q ℓ containing a square root of q. We denote by O E the ring of integers of E. Let G be the Langlands dual group of G over O E . We denote by G E the base change of G over E.
Let I be a finite set and W be a finite dimensional E-linear representation of G I E . Varshavsky ([Var04] ) and V. Lafforgue ([Laf18] ) defined the stack classifying G-shtukas Cht G,N,I,W over (X N) I and its cohomology group with compact support in degree j ∈ Z with E-coefficients: H j, E G,N,I,W . It is an inductive limit of finite dimensional E-vector spaces. The cohomology group H j, E G,N,I,W is equipped with an action of the Hecke algebra C c (K N \G(A)/K N , E) via Hecke correspondences.
In [Xue18a] , for every proper parabolic subgroup P of G with Levi quotient M, we defined the cohomology group (denoted by H
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0.0.6. We fix a discrete subgroup Ξ G of Z G (A) such that Ξ G ∩ Z G (O)Z G (F ) = {1}, the quotient Z G (F )\Z G (A)/Z G (O)Ξ G is finite and the composition of morphisms Ξ G ֒→ Z G (A) ֒→ G(A) ։ G ab (A) is injective. Note that the volume of G(F )\G(A)/G(O)Ξ G is finite. We write Ξ := Ξ G . 0.0.7. We fix a Borel subgroup B ⊂ G. By a parabolic subgroup we will mean a standard parabolic subgroup (i.e. a parabolic subgroup containing B), unless explicitly stated otherwise. 0.0.8. Let H be a connected split reductive group over F q with a fixed Borel subgroup. Let Λ H (resp. Λ H ) denote the weight (resp. coweight) lattice of H. denote the rational cones of Λ pos H and Λ + H . We use analogous notation for the weight lattice.
We use the partial order on Λ Q H defined by µ 1 ≤ H µ 2 ⇔ µ 2 − µ 1 ∈ Λ pos,Q H (i.e. µ 2 − µ 1 is a linear combination of simple coroots of H with coefficients in Q ≥0 ).
We will apply these notations to H = G, H = G ad or H = some Levi quotient M of G. 0.0.9. We denote by Γ G the set of vertices of the Dynkin diagram of G. Parabolic subgroups in G are in bijection with subsets of Γ G . For a parabolic subgroup P with Levi quotient M, we let Γ M ⊂ Γ G denote the corresponding subset; it identifies with the set of vertices of the Dynkin diagram of M. 0.0.10. We use Definition 3.1 and Definition 4.1 in [LMB99] for prestacks, stacks and algebraic stacks. 0.0.11. As in [LMB99] Section 18, [LO08b] and [LO09] , for X an algebraic stack locally of finite type over F q , we denote by D c (X, O E ) (resp. D c (X, O E )) the unbounded (resp. locally bounded, locally bounded below, locally bounded above) derived category of "constructible O E -modules on X". We have the six operations and the notion of perverse sheaves.
For a finite type morphism f : X → Y of algebraic stacks locally of finite type, we denote by 0.0.12. We work with étale cohomology. So for any stack (resp. scheme) (for example Cht G,N,I,W and Gr G,I,W ), we consider only the reduced substack (resp. subscheme) associated to it.
Definition of cohomology with integral coefficients of stacks of shtukas
As in [Xue18a] Section 1.1, we denote by Cht G,N,I the prestack of G-shtukas over (X N) I , by Gr G,I the Beilinson-Drinfeld affine grassmannian over X I (which is a global version of the affine grassmannian G((t))/G[[t]]) and by G I,∞ (resp. Gr I,d for d ∈ N) the group scheme over X I which is a global version of the positive loop group G[[t]] (resp. of the jet group G[t]/t d ). In the same way, we define Cht P,N,I , Gr P,I , P I,∞ , P I,d and Cht M,N,I , Gr M,I , M I,∞ , M I,d .
Note that loc.cit. Sections 1.2-1.7 are geometric.
In the following, we will follow the constructions in loc.cit. Section 2, with necessary modifications. As in loc.cit., our results are of geometric nature, i.e. we will not consider the action of Gal(F q /F q ). From now on, we pass to the base change over F q .
1.1. Cohomology with integral coefficients of stacks of G-shtukas.
1.1.1. The geometric Satake equivalence for the affine grassmannian is established in [MV07] (and reviewed in [BR18] ) over the ground field C, with coefficients in a Noetherian commutative ring of finite global dimension. By [MV07] Section 14, [Gai07] Section 1.6 and [Zhu17] , the constructions in [MV07] can be extended to the case of ground field F q and with coefficients in O E or E. In this paper, we will never use the perverse t-structure p+. We will never use the Verdier duality (except in Lemma 4.1.3, where we work on derived category and derived functors without considering any t-structure). 
. It satisfies the properties in [Laf18] Théorème 1.17.
Remark 1.1.6. By [Gai07] 2.5, Theorem 2.6 and the discussion after Theorem 2.6, we denote by P G,I O E the category of perverse sheaves with O E -coefficients on X I (for the perverse normalization relative to X I ) endowed with an extra structure given in loc.cit. There is a canonical equivalence of categories
compatible with the tensor structures defined in loc.cit. Besides, we have a fully faithful functor 
In [ We have the morphism of paws p M : Cht M,I,N /Ξ → (X N) I .
as an inductive limit in the category of O E -modules.
Constant term morphisms and cuspidal cohomology
The goal of this section is to extend [Xue18a] Section 3 to the case of O Ecoefficients.
Let P be a parabolic subgroup of G and M its Levi quotient. Let U be the unipotent radical of P . Let W ∈ Rep O E ( G I ). For any geometric point x of (X N) I as in 2.3.8 below, we will construct a constant term morphism from 
We have Remark 2.1.6. 2.1.9. The squares in (2.10) are not Cartesian. Consider the right square. As in [Xue18a] 3.1.5, we have a commutative diagram, where the square is Cartesian: 
As in
Remark 2.2.4. (We do not need the following fact.) When I is a singleton, the connected components of Gr M,I are indexed by Λ Z M . For θ ∈ Λ Z M , we denote by Gr θ M,I the connected component corresponding to θ. Then we have
Gr θ M,I .
As in [AHR15] Section 4.1, we define a functor from D
2.2.6. In Theorem 1.1.5, we defined a fully faithful functor
There is a canonical isomorphism of tensor functors
In other words, the following diagram of categories canonically commutes:
Remark 2.2.8. The references cited above in Theorem 2.2.7 are for the case where I is a singleton (i.e. for affine grassmannians). The general case where I is arbitrary (i.e. for Beilinson-Drinfeld grassmannians) can be deduced from the case of singleton I by the fact that the constant term functor r GM commutes with fusion (i.e. convolution). The proof for I = {1, 2} is already included in the proof of Proposition 15.2 in [BR18] . For general I the proof is similar.
2.2.10. For any n, we denote by Gr n M,I,Σ = Gr n M,I ∩Gr M,I,Σ and Gr n P,I,Σ = Gr n P,I ∩ Gr P,I,Σ . As [Xue18a] 3.2.9, we have a commutative diagram: is a U I,d -torsor. We deduce from the fact that the group scheme U I,d is unipotent over X I and from the proper base change (see 0.0.11) that 
where Gr M,I,λ is defined in 2.1.3. 2.2.16. Using the notation in diagram (2.10), we deduce
Let Cht
The first isomorphism follows form (2.19). The second equality follows from 2.2.15. Note that by definition, (2.23)
where i and π are defined in (2.2). Concretely, we use the notations in diagrams (2.10) and (2.11). Morphism (2.23) is constructed as the composition of morphisms
where we use the fact that π d is smooth of dimension m (cf. 2.1.9). The trace map Tr is the composition 
2.3.6. As in loc.cit. 3.5.2, for any µ ∈ Λ +,Q 
where τ r x is the image of x by Frob r : X → X and m is some positive integer depending on µ and ν, such that the restriction
is proper. This is a key ingredient of the following construction. (2.28)
For any j ∈ Z, we have a morphism of sheaves:
2.3.8. For i ∈ I, let pr i : X I → X be the projection to the i-th factor. Let x be a geometric point of (X N) I such that for every i, j ∈ I, the image of the composition
is not included in the graph of any non-zero power of Frobenius morphism Frob :
In particular, when i = j ∈ I, the above condition is equivalent to the condition that the composition x → (X N) I pr i −→ X N is over the generic point η of X N.
One example of geometric point satisfying the above condition is x = η I , a geometric point over the generic point η I of X I . Another example of geometric point satisfying the above condition is x = ∆(η), where ∆ : X ֒→ X I is the diagonal inclusion and η is a geometric point over η.
The reason for which we impose such a condition is that for any µ and ν, we have x ∈ Ω ≤µ, ν .
2.3.9. Restrict (2.29) to x, we have a morphism
Taking into account 1.2.6, we define a morphism (2.31)
To shorten the notations, we also write the morphism (2.31) as
Lemma A.0.8 of loc.cit. still holds for O E -coefficients. As in loc.cit. 3.5.9, we take inductive limit on µ:
Definition 2.3.10. For every degree j ∈ Z, we define the constant term morphism of cohomology groups:
(2.33) coincides (up to constants depending on ν) with the classicial constant term morphism:
As a consequence,
Remark 2.3.14. By 2.3.9 and Remark 2.3.11, one important property of the constant term morphism C P, j, O E G is that every image is supported on the components
G ad . When I = ∅, W = 1 and coefficients in E, this property was already described by Jonathan Wang in [Wan18] Section 5.1. 
Finiteness of the cuspidal cohomology
3. Let C(G, X, N, W ) as in loc.cit. Definition 4.6.1. As in loc.cit. 4.6.3, for
is schematic and proper. Similar to Section 2, we construct a constant term morphism in D
Let r ∈ N as in loc.cit. 5.1.1. For any i ∈ Γ G , we denote by α i the corresponding simple root and byα i the corresponding simple coroot. Let P α i be the maximal parabolic subgroup with Levi quotient
For any
be the morphism to the inductive limit. For any simple root α of G, let
where the second morphism is the constant term morphism defined in Definition 2.3.10.
Note that for every
. Thus Proposition 3.2.2 will be a direct consequence of (b) in the following proposition:
Proposition 3.2.7. There exists a constant C 0 G ∈ Q ≥0 (depending on G, X, N, W, j, x), such that the following properties hold:
Proof. As in [Xue18a] Section 5, we use an inductive argument on the semisimple rank of the group G. Firstly we prove the statements (a), (b) and (c) for every Levi subgroup of G of rank 0. This is the same as in loc.cit. Section 5.2.
Secondly we prove the key step: for n ≥ 1, if (c) is true for all Levi subgroups of rank n − 1, then (a) is true for all Levi subgroups of rank n. Then we deduce easily (a) ⇒ (b) for all Levi subgroups of rank n. These are the same as in loc.cit. Section 5.3.
Finally we prove that (b) ⇒ (c) for all Levi subgroups of rank n. This is the same as in loc.cit. Section 5.4, except that we replace loc.cit. Lemma 5.4.3 by the following Lemma 3.2.9.
3.2.8. As in 3.2.5, for µ ∈ 1 r R + G ad , we have ).
Hence
(3.6) H j, O E G,N,I,W x cusp = P G ν∈ Λ Q Z M /Z G Ker C P, j, ν, O E G,N .
Commutativity between constant term morphisms and actions of Hecke algebras
We recall [Xue18a] Section 6.1-6.2, with necessary modifications. In this section, all the stacks are restricted to a geometric point x of (X N) I as in 2.3.8. which is a gerbe for the finite q-group R 2 /R 1 . Note that the cardinality of
Indeed, just as in loc.cit. 6.1.6, by proper base change and the fact that q R 1 ,R 2 is smooth, we reduce to the case of Lemma 4.1.3 below with Γ = R 2 /R 1 . The morphism Co(q R 1 ,R 2 ) induces an isomorphism of cohomology groups M,S,I,W is independent of the choice of s ∈ S. In fact, let s 1 , s 2 be two point of S and H 1 (resp. H 2 ) be the stabilizer of s 1 (resp. s 2 ), then H 2 = p −1 H 1 p for some p ∈ P (A). The action of p induces an isomorphism Cht M,∞,I,
We deduce an isomorphism of cohomology groups by the adjunction morphism.
In general, for S = ⊔ α∈A α a finite union of orbits, we define 
where adj = adj(pr G K∩g −1 Kg,K ) and Co = Co(pr G gKg −1 ∩K,K ), the isomorphism adj(g) is induced by (4.6) applied to K = gKg −1 ∩ K. Note that (4.7) depends only on the class K v gK v of g in G(F v ). The action of T (h) is equivalent to the one constructed by Hecke correspondence (see [Laf18] 2.20 and 4.4). 
Let
where adj = adj(pr M K∩g −1 Kg,K ) and Co = Co(pr M gKg −1 ∩K,K ), the isomorphism adj(g) is induced by (4.9) applied to K = gKg −1 ∩ K. Note that (4.10) depends only on the class
We remark that in general K and g −1 Kg are not normal in G(O). This is the reason why we define morphism (4.9) using the functoriality in 4.1.6.
Lemma 4.2.5. Let K and g as in 4.2.1. The following diagram of cohomology groups commutes: 
h(mu). Remark 4.2.10. In [Xue18a] , the E-coefficients version of this lemma is proved by Lemma 6.2.10 in loc.cit.. However, the proof of Lemma 6.2.10 in loc.cit. does not work for O E -coefficients because we no longer have Haar measures. We will give another proof for Lemma 4.2.9.
Since v ∈ X N, N does not play any role in the action of T (h) and T (h M ).
To simplify the notations, we give the proof for N = ∅. The proof for the general case is similar.
We have a correspondence:
. Let c α be the cardinality of the fiber of the projection P 
The first morphism is induced (by the functoriality in 4.1.6) by the projection (4.16)
The middle morphism is induced by the right multiplication by g:
The third morphism is induced by the projection
The P (A) action on all the sets is by left multiplication. We have 
3 be the kernel of (4.25). We have R α 
We deduce an isomorphism of cohomology groups by the adjunction morphism. 
where c α is defined in 4.2.11. The morphism
. Taking into account (4.22), (4.23), (4.28) and (4.29), we deduce that diagram (4.32) is commutative.
Taking direct sum on α ∈ Ω, we deduce that the following diagram is commutative (4.33) ).
For any µ 1 , µ 2 ∈ 1 
where the horizontal morphisms are induced by the action of the Hecke operator h G ω , and the vertical morphisms are induced by the constant term morphisms. The lower line is an isomorphism for the same reason as in loc.cit. Lemma 2.4.3.
By Proposition 3. 
(2) On the other hand, let
, the action of the Hecke operator T (g) associated to g induces an isomorphism of stacks Cht
Since b = 0, there exists m ∈ Z >0 such that T (g) m (b) is supported on the cone Λ µ+mξ(g)
(3) We deduce from (1) and (2) a contradiction.
Lemma 6.1.5. ([Gro98]) Under the Satake transformation (4.13), the algebra 
Such a lattice exists for the following reason. Let W * be the dual of W . Let ξ 1 , · · · , ξ n be a base of W * . For any w ∈ W and any i ∈ {1, · · · , n}, let f w,ξ i : G I E → E be the function of matrix coefficient associated to w and ξ i . Let
Then W O E is a O E -lattice in W stable under the action of G I .
By definition, we have a canonical equivalence of categories
Proposition 6.2.4. The following diagram of categories is commutative: We deduce a morphism .
